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Abstract

In this paper, we have proposed the generalization of the parallel bitonic sorting algorithm on a2-Dimensional Mesh
Connected Computer, due to Thompson and Kung [TK77], for a @Q-Dimensional Mesh Connected Computer. Thetime

complexity of our algorithmis O( ¥/N), and the cost is O(INV ¥/N) in aMesh Connected Computer with N processors

arranged in the form of a Q Dimensional Mesh with ¥/IN processors in each dimension. We have also modified the
algorithm to get a cost optimal agorithm for performing bitonic sort in a @-Dimensional Mesh Connected Compulter.

|. INTRODUCTION

In our paper, we propose an algorithm for performing bitonic sort on a ()-Dimensional Mesh Connected Computer.
The proposed algorithm is the generalization of the bitonic sorting algorithm of Thompson and Kung [TK77] for
a 2-Dimensional Mesh Connected Computer. A mesh connected computer having a large number of processors is
easy to implement because of the constant number of connections per processor. Another advantage of having a 2
dimensional or 3 dimensional mesh connected computer is that in this case, the processors can be readily arranged in
agrid in such away that the wire length for each connection is constant. This makes the choice of a mesh connected
architecture particularly suitable for the implementation of large scale parallel machines. In Section 2, the parallel
algorithm on Q-Dimensional Mesh Connected Computer has been proposed. Section 3 deals with the analysis of the
algorithm. Conclusions are given in Section 4.

Il. ALGORITHM

Let us assume the problem of sorting N numbers where N = n % in a Q-Dimensional Mesh Connected Commuter
having N processors. These processors are arranged in the form of @-Dimensional mesh such that each dimension
consists of n processors. Without any |oss of generality let us assume that » is a power of 2.

A. Assumptions
Proceesors are assumed to be indexed following the Row Major Indexing Scheme. In other words, if a processor P ;
has coordinates (1, zs, . . . , 7g), then the it element in the sorted sequence will be placed in that processor, where i

isgiven by therelationi = z1 + (z2 — 1)ny + (23 — L)nine + ... + (29 — 1)nins .. .ng—1 Wherez; variesfrom 1
to n;. Further we assume that each processor has three registers, R, R, and R, and can perform the following three
operations
1) Register Exchange - interchanging the contents of two of its registers
2) Compare Exchange - comparing the contents of R, and R, and assign the larger element to R, and the smaller
to R,. or vice versa, depending on the value of the MASK array. Thisis explained in more detail later.

3) Routing Operation - transferring the contents of the R, register to the R, register of one of its immediate
neighbors
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Fig. 1. X-Merge, Y-Merge and Z-Merge in case of a3-D MCC



B. Basic |dea

Similar to the algorithm of Thompson and Kung [TK77], we define here the concept of X-Merge, Y-Merge and Z-
Merge, which, as the name suggests, occur along the X, Y and Z axes respectively. We first start with N = n 3 bitonic
sequences, each of size 1. In each step, we do a X-Merge, Y-Merge and Z-Merge in order. At the end of the i "
step, we thus get V/8¢ bitonic sequences, each contained in a cube of side 2%. The process continues, until the entire
sequenceis sorted in Row Major Indexing order. Figure(1) will make the idea more clear.

The algorithm for the () Dimensional case is based on thisidea. In this case, we have, instead of X-Merge, Y-
Merge and Z-Merge, X ° — Merge,..., X3 — Merge where X? — Merge indicates that the procedure merges two

Q-Dimensional blocks which are adjacent along the i ** dimension.

C. Formal Algorithm

In this section, we present formally our algorithm for bitonic sorting on a @-Dimensional Mesh Connected Computer.
To do so, let us define afew procedures which are to be used in the algorithm. ProcedureXS — Merge(ni,...,ngQ)
sorts a bitonic sequence stored in a @-Dimensional block of size (n1,ns,...,ng) into increasing or decreasing order
(depending on the value of MASK). Thei " dimension in the block has size n;. Each processor in the block holds the
element to be sorted in its R, register.
procedureXS — Merge(ni,na,...,ng)
1) Let the sequence to be sorted be present in processors P(i 1, 4s, - - ., iqQ), -+, P(i1 + 11,42 + o, ..., ig +
nQ).
2) ifng =1, goto Step 8.
3) Processors P(iy + 21,...,iq + g),x; = 1,---,nj,for j =1,...,Q — 1,z¢ = 1,..., %2 perform a
register exchange operation between their R, and R registers.

4) Processors P(iy + 1,02 + %2, .. .,i¢Q + x¢g) route the contents of their R, registers to processors P (i; +
T1,%2 + Ta,..., 00 +TQ — ”TQ),Wherexj =1,--,njforj=1,...,0Q0 —1,zg = nTQ,...,nQ.

5) Processors P(iy + z1,...,ig + zq),z; = 1,---,nj,for j =1,...,Q — 1,z¢ = 1,..., 52 perform a
compare exchange operation.

6) Processors P(iy + x1,i2 + 2, . ..,ig + xg) route the contents of their R, registersto processors P(i; +

T1,is 4 Ta,. .0 + xg + ) wherez; = 1,--- nj for j=1,...,Q —L,zg =1,..., %2,
7) Dothefollowingin paralld:
a) XS - Merge(nl,ng,...,%i), for processors P(iy + z1,...,ig + zg),z; = 1,---,nj, for j =
L., (Q-1zg=1,., "%
b) Xg - Merge(nl,ng,é..,TQ), for processors P(iy + z1,...,iq + 2Q), ;
1,...,(@—1),&7@:762,...,77,@
8) Xg:ll — Merge(ny,na,...,ng_1)
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Procedure XiQ — Merge(i # Q) merges a bitonic sequence of length n.yn, - - - ng contained in a Q-Dimensional

block of processors of dimensions (n1, ns, ... ,ng). Thesequenceisheld inthe R, registers of these processors. The
increasing part of the sequenceisheld in processors P(i1 + 1, 42 + T2, ..., 4 + 4, - .-, GQ + @), ; = 1,...,n;,

for j #i,2; =1,...,n;/2. Thedecreasing half of the sequenceisheld in the rest of the processors.
procedureXiQ — Merge(ny,na,...,ng)(i # Q)

1) Lettheincreasing part of the sequencebe presentin processors P(i 1 +z1,i2+a, ..., i +Zi, ..., ig+2Q),
z;=1,...,n;,for j #i,2; =1,...,n;/2, and the decreasing part in processors P (i1 + z1, iz + 2, . . .,

bi+ @i, 00+ xg),x; =1,....n5,for j #i, 2, =ni/2,...,n;.
2) Processors P (i +x1,i2+w2,...,ii—|—xi,...,iQ—|—:nQ),wj = 1,...,7’Lj,f07‘j #i,x; = 1,...,’!7,1'/2
perform a register-exchange operation between their R . and R, registers.

3) Processors P(iy + 1,92 + T2, ..., % + i, . .., ig + ) routethe contents of their respective R, registers
toprocessors P(iy + 21, ia + 22, ..., 4 + & —ni/2,...,ig + xg), Wherez; = 1,...,n;,for j #i,z; =
nz/2,,nz

4) PerformaTwo — Column — Merge(ng), aong the X dimension

5) Send back the rejected elementsof processors P (i1 + 1, i2 + X2, ..., i; +x; —ni/2,. .., ig +x¢g) back to
processors P(iq +x1, ia +2,..., 0+ 24, ..., ig+zg), Wherez; =1,...,nj,for j #i,z; =n;/2,...,
n;.

6) Processors P(iy + &1, 62 + Z2,..., % + Ti,...,ig + ), z; = 1,...,n5,for j #i,2; = 1,...,n;/2
perform a register-exchange operation between their R . and R, registers.

7) For each of the2n¢ (Q — 1)-Dimensional blocks of dimensions (n1, ...,n;/2, ..., ng)
perform X§_} — Merge(ni,...,ni/2,...,ng) inpaallel.



D. Main Algorithm

The main algorithm applies merges alternately in the X ; dimension until the whole sequence gets sorted. As explained
earlier, after the i*" stage, we get N/2%* sequences, each of size 29¢, contained in a Q-Dimensional Block of side
length 2¢. All the compare-exchanges are done according to the MASK function. The algorithm is given below.

fori=0tologn — 1
XP — Merge(2+1,21,2¢, ..., 21
X2 — Merge(2i+1,2i+1 21 20

XS — Merge(2iF1 2+ 21+l
end for

E. The MASK Function

MASK function determines whether a sequence is to be sorted in increasing or decreasing order, as we need by the
next step of Bitonic Sorting algorithm. The MASK function does so by affecting the result of the compare-exchange
instruction of processor P(iy,...,i¢g) asfollows.

If Mask((i1,42,...,ig, P) = 0then R, = maxz(a,b) and Ry = min(a,b)

Else R, = min(a,b) and Ry = max(a,b)
where P is the particular pass number of the algorithm. For example, the first X 1Q — Merge is said to be pass 1,
XQQ — Merge is said to be Pass 2 and so on. Thusif the MASK function is O for all processorsin an array, the array
will be sorted inincreasing order. The MASK function generalized to (Q-Dimensions can be given by

function M ASK (i1, ...,ig, P)
r=P%Q ;if i, /27/9 iseven return 0 elsereturn 1

I1l. ANALYSIS

Definet, asthetimerequiredto perform onerouting operation, ¢ . bethetime required to perform acompare-exchange
operation, and t. be the time required to perform a register-exchange operation. We will expressthe complexity of our
entire algorithm in terms of the time required to perform each of these operations, that is, intermsof ¢ ., . and t...

A. Complexity of Xg — Merge

Equipped with this notation, let us first determine the complexity of the XS — Merge's. Let T, (n1,na,...,nq)
be the number of routing operationsinvolved in merging a block of dimension @ and of size (n 1,ns, ... ,ng) which
contains a bitonic sequence. We assume, in addition, that all the n;’s are powers of 2. Then, the recurrence relation
holds that

Té(nl,ng,. . ,nQ) = Té(nl,ng,. Cey nTQ) +nQ y

Té(nl,ng, -y NQ-1, ].) = Té_l(nl, Ce ,anl) andT{(l) =0.

Solving above equations we get the number of routing operations as

TH(ni,n2, .. .,ng) =2(n1 +n2 + ... +ng) —2Q

Similarly, let the T (n1, na, . . ., ng) bethe number of compare-exchange operationsand 7', (n1, n2, - - . , ng) bethe
number of register-exchange operations of X 8 — Merge. For these, we have the recurrence relations
TG(n1,na, ... nQ) = T (n1,na,. .., ZTQ) +1,T5(n1,na, ..., 1) = TG (01,02, ... ,ng 1) and T{ (1)
Té(m,ng, ... ,nQ).: T4(ni,na, ..., 52) +2,T5(n1,ne, ..., 1) = T4 4 (n1,na,...,ng 1) and T (1)
Solving above equations, we get

Té(nl,ng, ...,ng) = (logni +logns +...+logng) ande?(nl,ng, ...,ng) = 2(logni +logns +...+logng)

=0
=0

B. Complexity of X& — Merge(i # Q)

Let Fg(nl, na,...,ng) denote the number of routing steps taken in merging two blocks of size (n1,ns,...,ng),
adjacent along the it dimension, wherei # (). One of the blocks contains the increasing part of a bitonic sequence
and the other block the decreasing part. Then, the number of routing steps can be given by
Fg(nl,nQ,...,nQ):ni+2(nQ—.1)+T5T1(n1,n2,...,%,...,nQ_l) . .

Here2(nq — 1) isthe number of routing steps in a Two Column Merge. The relations can be solved to give
Fy(ni,na,...,nQ) =2(n1 +n2 +...+ng) — 2Q.

But this does not depend on the value of : at all, hencelet us call Fg(nl,nQ, o,nQ) 8 FLH(n1,na, ..., nQ).
Similarly the recurrence relations expressing the number of compare-exchange and regi ster-exchange operations are



Fé(nl,ng, cosn@) = (L+logng) +T5_(n, I Bho,ngo1)

FQ(nl,nQ, ce. ,nQ) = 3logng +T571(n1,. R ,TLQ_1) + 2.

Here (1+logng) and 3logng arethe number of compare exchange and register exchange operationsin atwo-column
merge of column size n ¢ .These equations can be solved to give

Fé(nl,ng, ...,nQ) =logn; +logns + ... +logng

Fé(nl,ng, ...,nQ) =2(logny +logns + ... +logng_1) + 3logng

C. Total Complexity of the Algorithm

Given the results proved above, it is easy to get the total complexity of the algorithm. Let S 22(71) denote the total
number of routing steps taken in the whole a gorithm, when the sequence to be sorted is placed in a Q-Dimensional
Mesh Connected Computer, with each dimension having size n. Suppose we are at the i t* step of the main algorithm
and let K = 2¢. Then the number of routing operationsin the stage i, N/ can be expressed as

Ny =F,2K,K,...,K) + F,(2K,2K,...,K) + ... + F5(2K,2K,...,2K,K) + T;(2K, 2K, ..., 2K)
Solving this, weget N = K (3Q? + Q) — 2Q>.

Hence S7,(n) can be given by Sf,(n) = SI8TINT = (3Q% 4+ Q)(n — 1) — 2Q%logn. Let N = n® be the total
number of elements to be sorted. Then, the routing time complexity of the algorithmis S, (N) = 3Q*+Q)(VN -
1) — 2@ log Ni.

Similarly let S¢ (n) denote the total number of compare-exchange stepsin the total algorithm and S ¢, (n) denote the
total number of register-exchange steps in the total algorithm. Let the number of compare-exchange operations and
register-exchange operationsin step ¢ be N7 and N/ respectively. They are given by the relations

Nf =F52K,K,...,K) + F5(2K,2K,...,K) + ...+ F5(2K, 2K, ... 2K, K) + T§(2K, 2K, ..., 2K)

Nf =F,2K,K,...,K) + F5(2K,2K,...,K) +... + F5(2K,2K,...,2K,K) + T (2K, 2K, . .., 2K)
where K = 2. Putting in the values of the right hand side quantities, the equation becomes N ¢ = Q%i + %(Q +1)
and Nf = (2Q* +1)i + (Q* + Q + 1). Hence 5§ (n) and S§ (n) can be given by

S(n) = S5 N = S (logn)® + $logn

S§(n) = siegn=lNe — (Q*+ %) (logn)? + (Q + %) logn

If we express the complexity in terms of N, the complexity is

SH(N) = 1(log N)? + 1log N

S5(N) = (1 + ﬁ) (log N)? + (1 + %) log N

Hence the total time complexity C' of the sorting technique is

C = ((3Q*+Q)( YN-1)-2Qlog N)t,+ (4 (log N)? + L log N) tc+((1 + ﬁ) (log N)2 + (1 + %) logN) te
Assuming that it takes constant time to perform each of the operations routing, compare exchange and register ex-
change, the time complexity is O( ¥/N). Thereforethe costisO(N ¥/N).

D. Cost Optimal Algorithm

The algorithm presented above is hot cost-optimal, however it can be made cost optimal if we consider model, which
has more powerful but lesser number of processors. Suppose N element are to be sorted, and there are P = p @
processors for the purpose. The processors are arranged in a (Q-Dimensional mesh, with each dimension containing p
processors. In this case we assign N/ P elements to each processor. Each processor first sorts sequentially the N/ P
elements given to it. Then the algorithm mentioned above is applied to perform bitonic merging of these sequences,
until we get a completely sorted sequence.

Notethat sequential sorting hasthetime complexity of O((IN/ P) log(N/P) and stepslike routing, compare-exchange,
and register-exchange operations take O(Q 2N {/[P]), O((log P)?), O(g=(log P)?) time respectively. Hence for

Q

P Y/P <logN or P < (logn)@+1, this algorithm becomes cost optimal.

IV. CONCLUSION

In this paper we have proposed a generalized bitonic sorting algorithm for sorting NV elements on a ()-Dimensional

Mesh Connected Computer. The time complexity of our algorithmis O( ¥/N), and the cost is O(N ¥N) in aMesh
Connected Computer with N processors arranged in the form of a Q Dimensional Mesh, with /N processors in
each dimension. The agorithm has also been modified to get a cost optimal algorithm for performing bitonic sort in a
@-Dimensional Mesh Connected Computer.

REFERENCES
[TK77] C.D. Thompson and H. T. Kung. Sorting on a mesh-connected parallel computer. CACM, 20, 1977.



